Abstract. We describe a new interpretation of the fractional GJMS operators as generalized Dirichlet-to-Neumann operators associated to weighted GJMS operators on naturally associated smooth metric measure spaces. This gives a geometric interpretation of the Caffarelli-Silvestre extension for (−∆) γ when γ ∈ (0, 1), and both a geometric interpretation and a curved analogue of the higher order extension found by R. Yang for (−∆) γ when γ > 1. We give three applications of this correspondence. First, we exhibit some energy identities for the fractional GJMS operators in terms of energies in the compactified Poincaré-Einstein manifold, including an interpretation as a renormalized energy. Second, for γ ∈ (1, 2), we show that if the scalar curvature and the fractional Q-curvature Q 2γ of the boundary are nonnegative, then the fractional GJMS operator P 2γ is nonnegative. Third, by assuming additionally that Q 2γ is not identically zero, we show that P 2γ satisfies a strong maximum principle.
Introduction
There has recently been a great deal of interest in fractional-order nonlocal operators and scalar invariants related to them; e.g. [4, 6, 12] . In this article we are primarily interested in the fractional-order conformally covariant powers of the Laplacian (henceforth fractional GJMS operators) and their associated fractional Q-curvature as introduced by Graham and Zworski [19] . Unlike familiar geometric objects such as the scalar curvature, the mean curvature, and the conformal Laplacian, it is still not entirely clear what these objects are geometrically. The purpose of this article is to shed some additional light on this question via the following new observations. First, we will exhibit a natural relationship between the fractional GJMS operators on the boundary of a Poincaré-Einstein manifold and weighted GJMS operators on a natural smooth metric measure space obtained by compactifying the Poincaré-Einstein manifold. This relationship should be regarded as the generalization of the relationship between the conformal half-Laplacian and the conformal Laplacian which was studied in depth by Escobar [8, 9] . Second, we will show that the energies of the fractional GJMS operators can be naturally interpreted as renormalized energies of a natural second-order operator, generalizing a result of R. Yang [29] in the flat case. Third, we will use the relationship between the fractional GJMS operators P 2γ of order 2γ ∈ (2, 4) and the weighted Paneitz operator to give sufficient conditions for the positivity of and strong maximum principles for P 2γ analogous to conditions known for the Paneitz operator [22, 23, 28] .
The simplest case of a fractional-order conformally covariant power of the Laplacian arises in connection to the operator B = ∂ ∂η + n−1 2n H defined on the boundary (M n , h) of a compact Riemannian manifold-with-boundary (X n+1 , g), where ∂ ∂η is the outward pointing normal and H is the mean curvature of the boundary (M n , h). This operator is conformally covariant in the sense that if σ ∈ C ∞ (X), then the operatorB defined in terms of the conformally rescaled metricĝ := e 2σ g is related to B by the conjugationB = e 2 σ , where the right hand side is to be interpreted as the pre-and post-composition of B with multiplication operators. As pointed out and put to great effect by Escobar [8, 9] in his study of the Yamabe Problem on manifolds with boundary, the operator B should be regarded as the boundary operator associated to the conformal Laplacian L 2 := −∆ g + n−1 4n R g defined in the interior (X n+1 , g). The
conformal Laplacian is also conformally covariant; in terms ofĝ = e 2σ g we have thatL
The conformal covariance of both operators implies that the sums
Hf 2 dvol h are conformally covariant for any U ∈ W 1,2 (X) with f = U | M ; here the equality follows by integration by parts, and is the reason we declare B to be the boundary operator associated to L 2 . In particular, solving for the unique extension U of f such that L 2 U = 0 yields the energy identity
In the flat case (R n , dx 2 ) as the boundary of (R n+1 + , dx 2 ⊕ dy 2 ), the abovedescribed procedure is the classical method for defining (−∆) 1/2 . More precisely, given f ∈ C ∞ (R n ), one can define the half-Laplacian by (−∆) 1/2 f = − ∂U ∂y for U the harmonic function in (R n+1 + , dx 2 ⊕ dy 2 ) such that U (·, 0) = f ; see [4] for details. For this reason and due to its conformal covariance, it is thus natural to consider B to be the conformal half-Laplacian (cf. [20] ).
An important feature of the realization of the (conformal) half-Laplacian as the Dirichlet-to-Neumann operator associated to the (conformal) Laplacian is that it allows one to derive estimates for the former operator, which is a nonlocal operator, using well-established techniques developed for the latter operator. This motivated Caffarelli and Silvestre [4] to identify the fractional Laplacian (−∆) γ as the Dirichlet-to-Neumann operator associated to a second-order degenerate elliptic operator in the interior. More precisely, they showed that for each γ ∈ (0, 1) there is an explicit constant c γ such that for any f ∈ C ∞ (R n ), it holds that (1.3) (−∆) γ f = c γ lim y→0 y m0 ∂U ∂y for m 0 = 1 − 2γ and U ∈ C ∞ (R n+1 + ) ∩ C 0 (R n+1 + ) such that U (·, 0) = f and div (y m0 ∇U ) = 0. Their analysis is greatly assisted by the curious observation that one can formally think of the equation div (y m0 ∇U ) = 0 as the condition that U be a harmonic function in R n+1+m0 which is radially symmetric with respect to the R m0 factor. As shown by Chang and González [6] , the Caffarelli-Silvestre extension is a reformulation of the definition of the fractional GJMS operators as introduced by Graham and Zworski [19] made in terms of a compactified metric. Given a Poincaré-Einstein manifold (X n+1 , M n , g + ), Graham and Zworski [19] showed that for all but a finite number of values γ ∈ (0, n/2) one can define via scattering theory a formally self-adjoint pseudo-differential operator P 2γ on the boundary (M n , h) such that the symbol of P 2γ is the symbol of (−∆) γ and P 2γ is conformally covariant. Moreover, in the case γ ∈ N the operators P 2γ agree with the GJMS operators P 2k introduced by the eponymous Graham, Jenne, Mason and Sparling [17] via the ambient metric; in particular, P 2k is independent of the Poincaré-Einstein fill-in. For γ ∈ (0, 1), Chang and González [6] observed that, when written in terms of the compactification g := r 2 g + , where r is the geodesic defining function associated to h, the scattering definition of P 2γ becomes While a clear geometric interpretation of the error term E(r, m 0 ) is not given in [6] , it was observed that it vanishes in the model case R n+1 + , R n , y −2 (dx 2 ⊕ dy 2 ) and that E(r, 0) = n−1 4n R; i.e. the operator on the left hand side of (1.5) is the conformal Laplacian when m 0 = 0, recovering the relationship between L 2 and B exposed by Escobar [8, 9] . We also note that, in comparison to (1.2) , it follows from (1.4) and (1.5) that (1.6)ˆM f P 2γ f dvol g =ˆX |∇U | 2 g + E(r, m 0 )U 2 r m0 dvol g for γ ∈ (0, 1); that we do not see the analogue of the mean curvature term in (1.2) is due to the assumptions that (X n+1 , M n , g + ) is Poincaré-Einstein and r is a geodesic defining function (cf. [6] and Section 4).
These results still leave some questions remaining. For example, what happens in the cases γ ∈ (1, n/2)? Is there some geometric interpretation of the operator appearing in (1.5)? Can this explain the formal dimensional interpretation of the parameter m 0 used by Caffarelli and Silvestre [4] ? In this article we will answer these questions by observing that (1.5) can be identified as the weighted conformal Laplacian on a canonical smooth metric measure space and that there is a higher order version of the definition of the fractional GJMS operators via extensions, as we now explain.
In the flat case, the first question has already been answered by R. Yang [29] . A key issue to address is that the right hand side of (1.6) will always be infinite when γ > 1, and so one must find a new energy identity for the fractional Laplacian of order greater than two. R. Yang overcame this issue by showing that for k = ⌊γ⌋ and m k := 2k + 1 − 2γ ∈ (−1, 1), one can define the operator (−∆)
where ∆ m k = ∆ + m k y −1 ∂ y and U is the extension of f such that (∆ m k ) k+1 U = 0; see Theorem 4.3 below for the precise statement. The key point is that this definition yields the energy identity
A key property of the operator ∆ m k is that it is formally self-adjoint with respect to the measure y
. Combining the ideas underlying Escobar's energy identity (1.2) and R. Yang's energy identity (1.7), it is natural to expect that the curved analogue of the right hand side of (1.7) should be the energy associated to a conformally covariant operator of order k + 1 defined on a smooth metric measure space; i.e. a Riemannian manifold with measure. Meaningful notions of the conformal Laplacian and the Paneitz operator -conformally covariant operators of order two and four, respectively -on smooth metric measure spaces have already appeared in [5] , and it turns out that they are precisely the operators which appear in the curved analogue of (1.7).
In the most general sense studied in [5] , a smooth metric measure space is a four-tuple (X n+1 , g, v m dvol, µ) of a compact Riemannian manifold with boundary (M n , h), a nonnegative function v ∈ C ∞ (X) such that v −1 (0) = ∂X, and parameters m ∈ R ∪ {±∞} and µ ∈ R. Heuristically speaking, such a space should be thought of as the base of the warped product (
µ , g F ) the m-dimensional simply-connected spaceform with Ric(g F ) = µg F . In this article we will be exclusively concerned with the case µ = m − 1, so that (F m µ , h) is the m-dimensional sphere with constant sectional curvature one and the smooth metric measure space (R n+1 + , dx 2 ⊕ dy 2 , y m dvol, m − 1) is formally the base of flat Euclidean (m + n + 1)-dimensional space, precisely the heuristic appearing in the work of Caffarelli and Silvestre [4] .
The point of working with smooth metric measure spaces is that they provide a natural geometric perspective on the Poisson equations appearing in the work of Graham and Zworski [19] . In Section 4 we will show that if (X n+1 , M n , g + ) is a Poincaré-Einstein manifold, then for a given γ ∈ (0, n/2), the Poisson equation which gives rise to the operator P 2γ is precisely the weighted conformal Laplacian of (X n+1 , g + , 1 m0 dvol, m 0 − 1) for m 0 = 1 − 2γ. Since the weighted conformal Laplacian is conformally covariant, this seamlessly allows one to rewrite the Poisson equation in terms of compactified metrics, and in particular identifies the operator appearing in (1.4) as the weighted conformal Laplacian of the compactified metric. Moreover, since smooth metric measure spaces with m = 0 are Riemannian manifolds, we again recover the connection to Escobar's work on the boundary Yamabe Problem. One can also define weighted analogues of the GJMS operators [17] which, analogous to the GJMS operators for Einstein manifolds [10, 13] , admit factorizations for the smooth metric measure spaces (X n+1 , g + , 1 m dvol, m−1) associated to Poincaré-Einstein manifolds. As a consequence, we will derive the curved analogue of the extension found by R. Yang [29] for the fractional GJMS operators P 2γ for all γ ∈ (0, n/2). When γ ∈ (0, 1), this gives a more geometric interpretation of the result of Chang and González [6] ; see Theorem 4.1 for the statement. When γ ∈ (1, 2), a special case of our work is the following result. Theorem 1.1. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold, fix a representative h of the conformal boundary, and let r be the geodesic defining function associated to h. Let γ ∈ (1, 2), set m 1 = 3 − 2γ and s = n 2 + γ, and consider the smooth metric measure space
Given f ∈ C ∞ (M ), the function U is the solution of the boundary value problem 
Moreover, the solution U of (1.8) is such that
Here d γ is an explicit constant given in (2.4) and L m 2,φ and L m 4,φ are the weighted conformal Laplacian and the weighted Paneitz operator, respectively, introduced in [5] ; see Section 3 for their definitions. In Theorem 4.4 we will prove a more general result which allows great freedom in the choice of defining function. Theorem 1.1 has two useful consequences. First, it shows that solutions to the fourth order boundary value problem (1.8) are in one-to-one correspondence with solutions to the Poisson equation (1.9) . Second, the formula (1.10) readily allows one to derive an energy identity for P 2γ in terms of the energy of the weighted Paneitz operator which generalizes (1.7); see Corollary 4.5 for details.
We expect that this new geometric relationship between fractional GJMS operators on boundaries of Poincaré-Einstein manifolds and weighted GJMS operators in their compactifications will lead to many new insights into the nature of the fractional GJMS operators. In this article we have pursued three such applications.
The first application is again a curved analogue of an observation made by R. Yang [29] . For γ > 1, the right hand side of (1.6) is infinite. However, it was shown by R. Yang that the energy of the fractional Laplacian (−∆) γ can be recovered as a renormalization of the right hand side of (1.6). His proof immediately carries over to the curved setting using the weighted conformal Laplacian and the weighted Paneitz operator. This inspired Theorem 5.2, though the proof we present is greatly simplified by using the asymptotics of solutions to the Poisson equation (2.1); for details, see Section 5.
The second application is to give natural sufficient conditions for the positivity of the fractional GJMS operators of order 2γ ∈ (2, 4). For the Paneitz operator, it is known through work of Gursky [22] (in dimension four), Xu and P. Yang [28] (in dimensions six and larger) and Gursky and Malchiodi [23] (in dimension five) that if a Riemannian manifold has nonnegative scalar curvature and nonnegative (fourthorder) Q-curvature, then the Paneitz operator is nonnegative, and moreover, there is rigidity when the kernel of the Paneitz operator is nontrivial. Here we establish the corresponding result for P 2γ with γ ∈ (1, 2) in terms of the scalar curvature and the fractional Q-curvature Q 2γ of the boundary.
Suppose that there is a representative of the conformal boundary with nonnegative scalar curvature and nonnegative fractional Q-curvature Q 2γ . Then P 2γ ≥ 0. Moreover, ker P 2γ = {0} if and only if Q 2γ ≡ 0 or n = 2γ = 3, in which case ker P 2γ = R consists of the constant functions.
Note in particular that this result applies to the critical third-order operator P 3 in the 3 + 1 setting of Poincaré-Einstein manifolds.
The third application is also a fractional-order analogue of work of Gursky and Malchiodi [23] . One difficulty in studying questions involving the Paneitz operator is that, being a fourth-order operator, it does not in general satisfy a maximum principle. Gursky and Malchiodi showed that when the underlying metric has nonnegative scalar curvature and semi-positive Q-curvature -i.e. Q ≥ 0 and Q ≡ 0 -the Paneitz operator does satisfy a strong maximum principle. By adapting the ideas from [23] , we will show that the fractional GJMS operators P 2γ for γ ∈ (1, 2) likewise satisfy a strong maximum principle when the representative h of the conformal boundary has nonnegative scalar curvature and Q 2γ semi-positive. Theorem 1.3. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold. Let γ ∈ (1, 2) and suppose that there is a representative h for the conformal boundary with scalar curvature R ≥ 0 and semi-positive fractional Q-curvature Q 2γ . Then for any f ∈ C ∞ (M ) such that P 2γ f ≥ 0, either f > 0 or f ≡ 0. Moreover, if f > 0, then the representative f A similar statement holds for the fractional GJMS operators P 2γ with γ ∈ (0, 1), in which case one only needs to assume that the representative of the conformal boundary has semi-positive fractional Q-curvature. The main new ingredient in the proof of Theorem 1.3 relative to the arguments of Gursky and Malchiodi [23] is an improved, relative to the statement given by González and Qing [12] , Hopf Lemma for degenerate elliptic operators on smooth metric measure spaces.
We remark here that Hang and P. Yang [24] have recently taken another perspective on the strong maximum principle for the Paneitz operator, and in particular showed that one only need to assume that Q is semi-positive and the Yamabe constant is positive to recover the result of Gursky and Malchiodi [23] . A key idea in their work is to use the natural power of the Green's function G for the conformal Laplacian and as an approximate Green's function for the Paneitz operator while exploiting conformal covariance to easily compute the error terms. Similar ideas would work for the fractional GJMS operators P 2γ with γ ∈ (1, 2), though we have opted not to pursue the details in this article.
The basic idea underlying both Theorem 1.2 and Theorem 1.3 is to find a special choice of defining function which naturally encodes the fractional Q-curvature in the interior geometry of the compactified smooth metric measure space. This idea has its origins in the work of Lee [25] (see also [27] ), where a relationship between the scalar curvature of (a representative of) the conformal boundary and the scalar curvature of a particular conformal compactification of a Poincaré-Einstein manifold was established. Lee's defining function is obtained as a particular solution of the Poisson equation (2.1). Building on this idea, we will use the special defining function ρ * introduced in [6, 12] to see the influence of the fractional Q-curvature in the interior geometry of what we will call the adapted smooth metric measure space; i.e. the smooth metric measure space arising by using ρ * as the defining function in, for example, Theorem 4.4. In particular, Q 2γ will naturally arise in the asymptotic expansion of the scalar curvature of the adapted metric near the boundary. We will exploit this fact in conjunction with our observation that, as a generalization of [25] , if γ > 1 and the representative of the conformal boundary has nonnegative scalar curvature, then the adapted metric has positive scalar curvature in the interior.
Throughout this article we consider Poincaré-Einstein manifolds (X n+1 , M n , g + ) in the strong sense that Ric(g + ) = −ng + globally. This is used in a strong way via Theorem 3.1, which realizes the Poisson operators which give rise to the fractional GJMS operators as factors of the associated weighted GJMS operators. The connection to smooth metric measure spaces allows us to easily understand the geometry of the interior, which in particular allows us to adapt the geometric ideas from [22, 23, 28 ] to our setting. It is this latter point which is the most important. Theorem 1.1 relies only on conformal covariance, and so one could simply compute as in [6] to establish a more general form of Theorem 1.1 for Poincaré metrics as in [10] or even asymptotically hyperbolic manifolds. However, it is unclear to us whether Theorem 1.2 and Theorem 1.3 will remain true in those settings, or if one will require some additional assumptions (cf. [21] ).
This article is organized as follows. The first two sections review the necessary background for this article: Section 2 contains the relevant facts of the scattering approach to defining the fractional GJMS operators and Section 3 contains the relevant definitions and facts about smooth metric measure spaces necessary to realize the fractional GJMS operators as boundary operators associated to weighted GJMS operators; note that Theorem 3.1 is new, giving a factorization of the weighted GJMS operators on a distinguished class of quasi-Einstein smooth metric measure spaces. The remaining sections detail our results and techniques. In Section 4 we describe how to define the fractional GJMS operators in terms of an extension problem involving weighted GJMS operators on suitable smooth metric measure spaces, which as a corollary yields a relationship between the energy of the fractional GJMS operators and the energy of the corresponding weighted GJMS operators. In Section 5 we give another interpretation of the energy of the fractional GJMS operators as the finite part of the energy of the second-order extension operator introduced by Chang and González [6] . In Section 6 we detail the construction of the adapted smooth metric measure spaces and discuss their properties; in particular, we prove the aforementioned result on the nonnegativity of the scalar curvature of the adapted metric. In Section 7 we prove Theorem 1.2 and Theorem 1.3, as well as other related positivity results for the fractional GJMS operators; this section also includes the aforementioned Hopf lemma. We also include an appendix which gives a partial factorization of the GJMS operators on normalized products of a positively-curved Einstein manifold with a negatively-curved Einstein manifold which is needed to prove Theorem 3.1.
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Fractional GJMS operators via scattering theory
In this section we recall the definition of the fractional GJMS operators via scattering theory [19] .
is complete with Ric(g + ) = −ng + , and
along M , and the metric g := ρ 2 g + extends to a smooth metric on X n+1 .
A function ρ satisfying these properties is called a defining function, though we will later allow defining functions to have less regularity at the boundary M (cf. Theorem 4.1). Since ρ is only determined up to multiplication by a positive smooth function on X, it is clear that only the conformal class
well-defined for a Poincaré-Einstein manifold. We will call the pair (M n , [h]) the conformal boundary of the Poincaré-Einstein manifold (X n+1 , M n , g + ) and we will call a metric h ∈ [h] a representative of the conformal boundary.
Given a Poincaré-Einstein manifold (X n+1 , M n , g + ) and a representative h of the conformal boundary, there exists a unique defining function r, called the geodesic defining function, such that, locally near M , the metric g + takes the form
for h r a one-parameter family of metrics on M with h 0 = h and having an asymptotic expansion which is even in powers of r, at least up to order n (cf. [10, 18, 25] ). For simplicity, we will assume everywhere except Corollary 6.6 that h is even to all orders; since we restrict our attention to γ < n 2 , this assumption will not play any role except to simply a few statements in this section.
It is well-known (see [19, 26] for more general statements) that given f ∈ C ∞ (M ) and s ∈ C such that Re s > n 2 , s ∈ n 2 + N, and s(n − s) is not in the pure-point spectrum σ pp (−∆ g+ ) of −∆ g+ , the Poisson equation
has a unique solution of the form
Indeed, F has an asymptotic expansion
for f (0) = f and all the functions f (2ℓ) are determined by f . The Poisson operator P(s) is the operator which maps f to the solution u = P(s)f , and this operator is analytic for s(n − s) ∈ σ pp (−∆ g+ ). The scattering operator is defined by S(s)f = H| M . This defines a meromorphic family of pseudodifferential operators in Re(s) > n 2 . The values s ∈ n 2 + 1, n 2 + 2, . . . are simple poles, and are known as the trivial poles. The scattering operator may have other poles, but we shall assume for the remainder of this article that we are not in these exceptional cases.
Graham and Zworski [19] defined for γ ∈ 0, n 2 the fractional GJMS operator P 2γ as the operator
For γ ∈ N, this definition recovers the GJMS operators [17] . Due to the overuse of the symbol 'P ', we will usually denote the GJMS operators by L 2k when k ∈ N.
From its definition, it is clear that P 2γ is linear. For γ ∈ 0, n 2 , Graham and Zworski showed that P 2γ is a formally self-adjoint pseudodifferential operator with principle symbol equal to the principle symbol of (−∆) γ , and moreover, ifĥ = e 2σ h is another choice of conformal representative of the conformal boundary, then
Together these properties justify the terminology "fractional GJMS operator."
We will adopt the convention that for γ ∈ 0, n 2 , the fractional Q-curvature Q 2γ is the scalar (2.5)
In particular, we emphasize that it was shown in [19] that this definition produces a well-defined invariant in the critical case 2γ = n.
Smooth metric measure spaces
As mentioned in the introduction, we will identify fractional GJMS operators as boundary operators associated to weighted GJMS operators in an interior smooth metric measure space. In order to make sense of this, we must recall some aspects of the (conformal) geometry of smooth metric measure spaces. Our treatment here will be mostly formal, with definitions being made by passing to formal warped products with fibers of non-integer dimensions. For a more intrinsic discussion of these topics, we refer the reader to [5] where most of this general approach to studying the conformal geometry of smooth metric measure spaces is presented.
A smooth metric measure space is a four-tuple (X n+1 , g, v m dvol, µ) determined by a Riemannian manifold (X n+1 , g) with boundary M n = ∂X n+1 , the Riemannian volume element dvol associated to g, a nonnegative function v ∈ C ∞ (X) with v −1 (0) = M , and constants m ∈ (1 − n, ∞] and µ ∈ R. In the interior X of X, we define the function φ ∈ C ∞ (X) by v m = e −φ ; this is the definition of the symbol v m in the case m = ∞. For the purposes of this article, we will only be interested in the cases m ∈ (1 − n, 1). Note that smooth metric measure spaces with m = 0 are Riemannian manifolds.
In fact, the only reason for the assumption m > 1 − n is that this allows us to define the weighted Schouten tensor. We can allow m = 1 − n so long as we do not need to consider the weighted Schouten tensor P m φ of (X n+1 , g, v m dvol, µ), a liberty that we will make use of when discussing smooth metric measure spaces as a means to study the fractional GJMS operators P 2γ in the critical case 2γ = n for n odd. For this purpose, note that we can define the weighted conformal Laplacian without using the weighted Schouten tensor (see (3.2) ).
Formally, one can think of a smooth metric measure space (X n+1 , g, v m dvol, µ) as the base of the warped product (
the simplyconnected m-dimensional spaceform with Ric(g F ) = µg F . This means that one should write down geometric invariants on the warped product when m ∈ N, restrict them to the base, and then extend them to general m by treating m as a formal parameter. As one example, the Bakry-Émery Ricci tensor Ric
and is formally the restriction of the Ricci tensor of the corresponding warped product (
horizontal lifts of vector fields on X. As another example, the weighted Laplacian ∆ φ is the operator ∆ φ := ∆ − ∇φ, and is formally obtained by applying the Laplacian of the corresponding warped product to the horizontal lift of a smooth function on X, and then projecting back to X.
We say that (X n+1 , g, v m dvol g , µ) and (X n+1 ,ĝ,v m dvolĝ, µ) are pointwise conformally equivalent if there is a function u ∈ C ∞ (M ) such thatĝ = u −2 g and v = u −1 v; formally, this is equivalent to the statement that the corresponding warped products are pointwise conformally equivalent. We define the weighted Schouten tensor P m φ and the weighted Schouten scalar J m φ of a smooth metric measure space by
Unlike the Riemannian case, the weighted Schouten scalar is not in general the trace of the weighted Schouten tensor. We shall denote by Y note that the Schouten tensor P of the corresponding warped product satisfies
is the linear conformally covariant differential operator with leading term (−∆ φ ) k which is formally obtained by applying the GJMS operator P 2k of the corresponding warped product to the horizontal lift of a function on X and then projecting back to X. In particular, the weighted GJMS operators are conformally covariant; if (
w for all w ∈ C ∞ (X). Local formulae for the weighted GJMS operators of order two and four, and defined without passing to the formal warped product, have been given in [5] :
the weighted Q-curvature; our sign convention is ∆ φ = δ φ d on functions. At present, local formulae for the higher order GJMS operators cannot be found in the literature, nor are they defined without passing through the formal warped product
. This issue will be addressed elsewhere. In addition to the conformal covariance of the weighted GJMS operator (3.1), we will also need the following product formulae for the weighted GJMS operators of a special class of smooth metric measure spaces. 
The proof of Theorem 3.1 when k ∈ {1, 2} is an easy consequence of (3.2). We will prove Theorem 3.1 in Appendix A by passing to the formal warped product associated to (X n+1 , g + , 1 m dvol, m − 1). In this article, smooth metric measure spaces arise naturally when studying fractional GJMS operators P 2γ defined on Poincaré-Einstein manifolds, with the parameter γ determining the value of the dimensional parameter m. The key idea is that there is a natural relationship between the Poisson equation (2.1) and the weighted conformal Laplacian via Theorem 3.1, and hence the conformal covariance of the latter equation will easily yield reformulations of (2.1) and (2.2) in terms of generalized Dirichlet-to-Neumann maps for compactifications of Poincaré-Einstein manifolds; see Section 4 for details. We will find the following lemma useful for performing local computations when using this correspondence.
Lemma 3.2. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold and let ρ be any defining function. Fix m ∈ (1 − n, ∞). The smooth metric measure space
Proof. (3.4) follows immediately from the fact that ρ −2 g has constant scalar curvature −n(n + 1). By definition,
Inserting (3.4) into the above display yields (3.5). Since ρ −2 g is Einstein, it holds that
Inserting this and (3.5) into the definition
of the weighted Schouten tensor yields (3.6).
Weighted GJMS operators as boundary operators
One of the key observations of this article is that one can naturally regard the fractional GJMS operators as the boundary operators associated to weighted GJMS operators on suitable smooth metric measure spaces. Phrased differently, one can define the fractional GJMS operators as generalized Dirichlet-to-Neumann maps associated to weighted GJMS operators, providing a natural geometric interpretation of the works of Caffarelli and Silvestre [4] , Chang and González [6] , and R. Yang [29] on extension problems related to fractional GJMS operators. The purpose of this section is to make this connection precise.
4.1. The model case γ ∈ (0, 1). By way of motivation, let us begin by reformulating the extension theorem of Chang and González [6] for the fractional GJMS operator P 2γ with γ ∈ (0, 1) in the language of smooth metric measure spaces. Indeed, the following result provides a slight improvement of [6, Theorem 4.3 and Theorem 4.7] by allowing one to compute using a much larger class of conformal compactifications.
be a Poincaré-Einstein manifold, fix a representative h of the conformal boundary, and let r be the geodesic defining function associated to h. Let γ ∈ (0, 1) and set m 0 = 1 − 2γ. Let ρ be a defining function for M such that, asymptotically near M ,
for Φ ∈ C ∞ (M ), and consider the smooth metric measure space
Given f ∈ C ∞ (M ), the function U is the solution of the boundary value problem
if and only if the function u = ρ n−s U is the solution of the Poisson problem
Proof. By the conformal invariance of the weighted conformal Laplacian,
the weighted conformal Laplacian of (X n+1 , g + , 1 m0 dvol, m 0 − 1). By Theorem 3.1 and the choice of m 0 ,
In particular, U is a solution to (4.3) if and only if u = ρ n−s U is a solution to (4.4). It thus follows from (2.2), (2.3), and (4.1) that, for such a solution U ,
from which the conclusion immediately follows.
Note that Theorem 4.1 puts very mild assumptions on the choice of defining function, and in particular it applies to all defining functions which are smooth up to the boundary M (in which case Φ = 0). This will allow us to be very flexible in making our choice of defining function. An especially important defining function will be constructed in Lemma 6.1, where the term Φ will be identified with Q 2γ .
As an immediate corollary of Theorem 4.1 we obtain the following energy inequality relating a fractional GJMS operator of order 2γ ∈ (0, 2) on the boundary and the weighted conformal Laplacian of the corresponding smooth metric measure space in the interior. [6] showed that one can identify the fractional GJMS operator P 2γ for all γ ∈ (0, n 2 ) \ N by solving (4.3) and taking sufficiently many normal derivatives on the boundary. However, it is difficult to use this observation to study the analytic properties of P 2γ ; in particular, the energy identity (4.7) is no longer valid. R. Yang [29] has already shown how to realize fractional powers of the Laplacian in the flat Euclidean space R n via extensions in such a way as to retain an energy identity relating (−∆)
γ to an operator defined in the interior of R n+1 + . His main idea is that one should understand (−∆) γ in terms of an extension using an operator of order 2⌊γ⌋ + 2. 
, where our convention is that the empty product is equal to one. Then
for C γ an explicit constant depending only on γ.
We would like to highlight two features of Theorem 4.3. First, in terms of the smooth metric measure space (R n+1
k+1 is exactly the weighted GJMS operator of order 2k + 2. Second, the solution to (4.8) is unique and is shown in [29] 
From these observations, it is natural to expect that the general curved analogue of Theorem 4.3 can be obtained by replacing occurrences of ∆ k+1 m k with the appropriate weighted GJMS operators. The remainder of this section is devoted to showing that this is the case. In order to motivate the arguments and to isolate the key result needed for our study in Section 7 of the positivity of the fractional GJMS operators P 2γ with γ ∈ (1, 2), we begin by considering the case γ ∈ (1, 2) and then consider the general case. The result in the case γ ∈ (1, 2) is a generalization of Theorem 1.1 from the introduction, where now we allow for a rather general choice of defining function.
Theorem 4.4. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold, fix a representative h of the conformal boundary, and let r be the geodesic defining function associated to h. Let γ ∈ (1, 2) and set m 1 = 3 − 2γ. Let ρ be a defining function for M such that, asymptotically near M ,
for functions ρ (2) , Φ ∈ C ∞ (M ), and consider the smooth metric measure space
Moreover, the solution U of (4.12) is such that (4.14)
Proof. By the conformal invariance of the weighted Paneitz operator,
the weighted Paneitz operator of (X n+1 , g + , 1 m1 dvol, m 1 − 1). By Theorem 3.1 and the choice of m 1 ,
In particular, L 
4,φ1Ũ = 0 and ρ m1 ∂ ρŨ → 0 as ρ → 0. By uniqueness of solutions to (4.12), it follows that U =Ũ ; i.e. we have the claimed oneto-one correspondence between the solutions of (4.12) and the solutions of (4.13). Now, from (4.15) it follows that (4.16)
for U a solution to (4.12). On the other hand, the discussion of the previous paragraph shows that U satisfies L m0 2,φ0 U = 0, where L m0 2,φ0 is the weighted conformal Laplacian of the smooth metric measure space (4.2). Since
Inserting this into (4.16) yields the desired result.
As an immediate corollary, we see that we may identify the energy of the fractional GJMS operators P 2γ with γ ∈ (1, 2) and the energy in the interior of the weighted Paneitz operator of the corresponding smooth metric measure space.
Moreover, equality holds if and only if U solves (4.12).
By following the same ideas as in the proof of Theorem 4.4, we also have the following curved analogue of Theorem 4.3. Theorem 4.6. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold, fix a representative h for the conformal boundary, and let r be the geodesic defining function associated to h. Given γ ∈ (0, n 2 ) \ N, set k = ⌊γ⌋ and m k = 2k + 1 − 2γ, and consider the smooth metric measure space
Moreover, the solution U of (4.18) is such that (4.20)
Remark 4.7. Note that we have stated Theorem 4.6 in terms of the geodesic defining function only. This is so that we can use the expansion (2.3) to more easily formulate the boundary conditions in (4.18) necessary to conclude that solutions of (4.18) are solutions to the Poisson equation (2.1). If one takes instead a defining function of the form
such as will arise when considering smooth defining functions (in which case Φ = 0) or the analogues of the special defining function y constructed in Section 6, one will have to replace the boundary conditions in (4.18) involving the functions f (2ℓ) with terms also taking into account the terms ρ (2ℓ) and one will have to include in (4.20) an additional term involving Φ (cf. Theorem 4.1 and Theorem 4.4).
the weighted Paneitz operator of (X n+1 , g + , 1 m k dvol, m k − 1). By Theorem 3.1 and the choice of m k ,
Moreover, from [19, 26] , we know that ifŨ is chosen so that
ThusŨ satisfies (4.18), and hence, by uniqueness of solutions to (4.18),Ũ = U . Now, from (4.21) it follows that
That this is equivalent to the desired equation (4.20) follows from Proposition 4.8 below.
Proposition 4.8. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold. Fix a smooth defining function ρ and a parameter γ ∈ 0, 
where L m k 2k,φ k is the weighted GJMS operator of order 2k of the smooth metric measure space
and (4.22) means that, in terms of the power series expansions in ρ near the boundary M , the coefficients of ρ 2γ−2k of both sides agree.
The proof of Proposition 4.8 depends on two simple observations relating the weighted GJMS operators of the same order of the smooth metric measure spaces (X n+1 , g, ρ ℓ dvol, ℓ − 1) and (X n+1 , g, ρ m dvol, m − 1).
Lemma 4.9. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold and fix a smooth defining function ρ. For each m ∈ (1 − n, ∞), consider the smooth metric measure space (X n+1 , g := ρ 2 g + , ρ m dvol, m − 1) with its associated weighted GJMS operators L m 2k,φ . Then
In particular,
2k−2,φ . Proof. This is an immediate consequence of Theorem 3.1.
In the next lemma we establish the equivalence between the highest order terms of operators on X, where we measure "order" in terms of Taylor series expansions in a defining function at the boundary of a Poincaré-Einstein manifold; for example, both the weighted conformal Laplacian L m 2,φ and the operator ρ −1 ∂ ρ are secondorder in this sense. Given two differential operators A k and B k of order 2k in this sense, we will write A k ∼ = B k if the leading order terms of A k and B k agree; this will imply that (4.22) holds.
Lemma 4.10. Let (X n+1 , M n , g + ) and (X n+1 , g, ρ m dvol, m−1) be as in Lemma 4.9. Given any ℓ such that m − ℓ > 1 − n, it holds that 
Proof of Proposition 4.8. The proof is by induction. From (4.25) we see that (4.22) holds when k = 1. Suppose now that it holds for a given value of k. By (4.24) we may write L
By applying the inductive hypothesis and then (4.26) to the above display we find that
From (4.25) and the assumption L m0 2,φ0 U = 0 it thus follows that
as desired.
A renormalized energy identity
As discussed in Section 4, one can attribute the failure of Corollary 4.2 when γ > 1 to the fact that the integral on the right hand side of (4.7) is infinite in this case while the energy on the left hand side is finite. Nevertheless, R. Yang [29] observed that both sides of (4.7) are still related after renormalizing the divergent integral. In the simplest case, namely γ = 3/2, this was written down explicitly in [29, Section 2.2] as follows.
Theorem 5.1. Let f ∈ H 3/2 (R n ) and let U ∈ W 2,2 (R n+1 + ) be the solution of the extension problem (4.8) with γ = 3/2. Then
From Theorem 4.3 it follows that the left hand side of (5.1) can be identified, up to a multiplicative constant, with the energy (−∆) 3/2 f, f . On the other hand, the first integral on the right hand side of (5.1) is, up to a multiplicative constant, equal to´R n f f (2) for f (2) defined in terms of U via (2.2) and (2.3). Thus we may interpret Theorem 5.1 as stating that the energy of (−∆) 3/2 is the finite part of the energy of the scattering operator −∆−
, and the infinite part is determined by f (2) in the expansion (2.3) .
The following theorem states that this interpretation persists in the curved setting when considering the weighted GJMS operators P 2γ with γ ∈ (1, 2) . For simplicity we have opted to state our result using only geodesic defining functions; it is straightforward to use the asymptotics expansions given in the proof of Theorem 4.4 to consider more general defining functions. Also, we have opted to state our result in terms of the energy of P 2γ . Using Corollary 4.5, one can instead write this result in terms of the energy of the weighted Paneitz operator in the interior, and thereby realize Theorem 5.2 as the curved analogue of Theorem 5.1.
be a Poincaré-Einstein manifold, fix a representative h of the conformal boundary, and let r be the geodesic defining function associated to h. Let γ ∈ (1, 2), set m 1 = 3 − 2γ, and consider the smooth metric measure space (4.11) determined by r. Given f ∈ C ∞ (M ), let U be the solution of (4.12). Then
where the second summand on the right hand side is computed in terms of the smooth metric measure space (4.2) determined by r.
Proof. Let U be the solution of (4.12), so also L m0 2,φ0 U = 0. We compute that
where the second equality follows from (4.15). Since
(see [19] or [21, Equation (22)]), integrating by parts on M and taking the limit ε → 0 in (5.3) yields (5.2).
It is clear from the derivation of (5.3) in the above proof that a similar statement for the renormalized energy of the scattering operator exists for all γ. More precisely, using the asymptotics used in the proof of Theorem 4.6, one can writê
where k = ⌊γ⌋ and I (2j) are boundary integrals of local invariants on the boundary constructed from f (2ℓ) and v (2ℓ−2) for ℓ ∈ {0, . . . , j} and j ∈ {1, . . . , k} and v (2ℓ) the renormalized volume coefficients [15] .
6. The adapted smooth metric measure space
While our extension theorems from Section 4 provide the means to study fractional GJMS operators P 2γ by working in the interior of smooth metric measure spaces, they do not immediately suggest how to use assumptions on the fractional Q-curvature Q 2γ to control P 2γ , such as in Theorem 1.2. In order to see the influence of the fractional Q-curvature, we introduce in this section the adapted smooth metric measure space -which is exactly the conformal compactification obtained using the defining function ρ * constructed in [6, Lemma 4.5] -and study some of its basic properties.
The adapted smooth metric measure space is a (non-smooth) compactification of a Poincaré-Einstein manifold associated to a choice of γ ∈ (0, n 2 ) \ N and a choice of representative h of the conformal boundary which, roughly speaking, has the effect of pushing the fractional curvature Q 2γ to the boundary. Two key properties we will need are that the corresponding weighted GJMS operators in the interior as used in Theorem 4.1 and Theorem 4.4 have vanishing constant terms and that the function Φ appearing in both the statements of both results is a multiple of Q 2γ . In the case γ ∈ (0, 1), these properties will already be enough to prove the nonnegativity of P 2γ when Q 2γ is nonnegative. When γ ∈ (1, 2), we will also need to know that the adapted metric has nonnegative scalar curvature. This is a consequence of Proposition 6.4 below, which states more generally that if γ > 1 and h has nonnegative scalar curvature, then the adapted metric has nonnegative scalar curvature which is positive in the interior.
6.1. The simple case γ ∈ (0, 1). In this case, the important properties of the adapted smooth metric measure space are easily proven. When we discuss the adapted smooth metric measure space, we are really discussing, for a given Poincaré-Einstein manifold with a choice of representative h of the conformal boundary and a choice of constant γ ∈ (0, 1), the smooth metric measure space (6.2) constructed by the following lemma. Likewise, the adapted defining function is the defining function y constructed below and the adapted metric is the metric g of (6.2). This result is a reformulation of [6, Lemma 4.5] or [12, Proposition 2.2], though we point out that the assumption λ 1 (−∆ g+ ) > n 2 4 − γ 2 , which is omitted in their statements, is actually necessary and sufficient for the adapted defining function to be a well-defined positive function in all of X. Lemma 6.1. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold, fix a representative h of the conformal boundary, and let r denote the geodesic defining function associated to h. Let γ ∈ (0, 1), suppose that λ 1 (−∆ g+ ) > Using the conformal covariance of the weighted conformal Laplacian, it follows that the smooth metric measure space (6.2) is such that 6.2. The case γ ∈ (1, 2). The adapted smooth metric measure space arises in this case by again considering (6.3) with r s−n v| M = 1. However, for applications we will need to know some additional properties about the adapted smooth metric measure space in this case, and so we consider the following analogue of Lemma 6.1. Lemma 6.2. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold, fix a representative h of the conformal boundary, and let r denote the geodesic defining function associated to h. Let γ ∈ (1, 2) and set
, then there exists a unique defining function y such that
and the smooth metric measure space
, where J m0 φ0 is the weighted Schouten scalar of (6.2). Proof. Consider first the case γ = 
n−2γ , so that y has the asymptotic expansion (6.4). Since y is obtained exactly as in Lemma 6.1, it follows that (6.2) is such that J m0 φ0 = 0. Using the weighted Paneitz operator in place of the weighted conformal Laplacian and computing as in the proof of Theorem 4.4, we also find that ws is analytic at s = n; in particular, we may define y := y n . By analyticity, y satisfies (6.4), and moreover, the analyticity of J Remark 6.3. Lemma 6.2 is in fact true for all γ ∈ (1, n 2 ] \ N, except that there will in general be more terms which are odd powers of r in the expansion (6.4) of order less than 1 + 2γ. The above proof works verbatim, and will moreover imply the vanishing of higher order weighted Q-curvature for the appropriately defined smooth metric measure spaces (cf. Theorem 4.6).
As mentioned in the introduction, for γ > 1 the adapted metric has one additional property that we will need, namely that if the corresponding conformal representative for the conformal boundary has nonnegative scalar curvature, then the adapted metric also has nonnegative scalar curvature. This is a generalization of Lee's result [25] relating the Yamabe constant of the conformal boundary to properties of the Laplacian of the asymptotically hyperbolic metric (see also [21] where the relationship between scalar curvatures is mentioned explicitly). Proposition 6.4. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold and suppose there is a representative h of the conformal boundary with nonnegative scalar curvature. Let γ ∈ (1, 2) and let y be the adapted defining function. Then the scalar curvature R g of the adapted metric g := y 2 g + is positive in X.
Proof. The proof is by the continuity method. By [25] , the assumption R h ≥ 0 implies that
and hence, by [19] , the Poisson operator P(s) is analytic for s ∈ ( n 2 , ∞). For each α ∈ γ, n 2 + 1 denote by y α the adapted defining function associated to α. Then y α is an analytic family of functions, and hence g α := y 2 α g + is an analytic family of metrics in X. Let I ⊂ γ, n 2 + 1 be the set of all α such that the scalar curvature R α of g α is positive. Clearly I is open.
Suppose now that α is a limit point of I. Then R α ≥ 0. From Lemma 6.2 we have that Q m1 φ1 = 0 and J m0 φ0 = 0 for the adapted smooth metric measure spaces (6.5) and (6.2), respectively, determined by α. It follows from Lemma 3.2 that the latter condition implies that J m1 φ1 = 2 2α−1 J α , where J α = Rα 2n is the trace of the Schouten tensor P α of g α . On the other hand, the former condition implies that Since I is open and closed, this implies also that γ ∈ I, as desired.
In addition to giving a sign on the scalar curvature of the adapted metric, Proposition 6.4 allows us to prove a strong rigidity result for Poincaré-Einstein manifolds which admit a scalar flat representative of the conformal boundary. By way of motivation, recall that if (M n , g) is scalar flat, then the fourth-order Q-curvature is nonpositive and vanishes identically if and only if (M n , g) is Ricci flat. For Poincaré-Einstein manifolds, the same result is true when replacing the fourthorder Q-curvature by Q 2γ for any γ ∈ (1, 2) , though the rigid case cannot happen. As a first step in this direction, we observe that scalar flat representatives of Poincaré-Einstein manifolds have nonpositive Q 2γ for γ ∈ (1, 2).
Corollary 6.5. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold and suppose there is a scalar-flat representative h of the conformal boundary. Then for any γ ∈ (1, 2), it holds that Q 2γ ≤ 0. Moreover, if Q 2γ ≡ 0, then h is Ricci flat.
Proof. Let g = y 2 g + be the adapted metric. It follows from Lemma 3.2 and the fact J m0 φ0 = 0 that
where the second equality uses the expansion (6.4) of y near M . By Proposition 6.4 we have that J g ≥ 0. Since J h ≡ 0 and d γ > 0 for γ ∈ (1, 2), it follows that Q 2γ ≤ 0.
Suppose now that Q 2γ ≡ 0. As pointed out to us by Fang Wang, following the computations outlined in [19, Proposition 4.2] easily leads to
for P the Schouten tensor of h. In particular, it follows again from the conformal transformation formula for the scalar curvature that
Thus, since γ ∈ (1, 2) and J g ≥ 0, we see that P ≡ 0; i.e. h is Ricci flat.
As stated above, the rigid case of Corollary 6.5 does not occur. This should be interpreted as a feature of the compactness requirement in our definition of a Poincaré-Einstein manifold.
Corollary 6.6. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold and suppose there is a scalar-flat representative h of the conformal boundary. Then for all γ ∈ (1, 2), there exists a point p ∈ M such that Q 2γ (p) < 0.
Proof. Suppose to the contrary that there is a γ ∈ (1, 2) such that Q 2γ ≡ 0. From Corollary 6.5, the representative h is Ricci flat. From [7, Theorem A] and [10, Theorem 4.8] we conclude that, in a collar neighborhood V = [0, ε) × M of M , we can write g + = r −2 (dr 2 + g r ) for
where k is a symmetric (0, 2)-tensor on M such that tr h k = 0 and div k = 0 and the higher order terms in g r are determined by h and k. Indeed, from the formulae [16, (2.4) and (2.6)], we see that
By differentiating up to 2n − 1 times and evaluating at r = 0, we readily compute that in fact
where (k 2 ) 0 is the tracefree part of the composition (k 2 ) ij = k il k l j . Next, we compute the formal solution to (6.9)
Since k is trace-free, we find that
It thus follows that
In particular
for any f ∈ C ∞ (M ), from which it immediately follows that the solution to (6.9) is (6.10)
Finally, since Q 2γ = 0, it follows that the solution to −∆ + v − s(n − s)v = 0 with s = n 2 + γ and r s−n v → 1 as r → 0 is an exact solution of (6.9). Set y n−s = v, so that
We then compute that
Since 3n − 2s = 2(n − γ) > 0, this is nonpositive near the boundary and becomes negative somewhere unless k ≡ 0. On the other hand, the scalar curvature
By Proposition 6.4, this is nonnegative, and hence k ≡ 0. Thus
is an Einstein metric in V , so Biquard's unique continuation theorem [3] implies that in fact g r = h in V . Hence v = r n−s solves −∆v − s(n − s)v = 0 in V , and so, by uniqueness of solutions to the Poisson equation [19] , it holds that y = r in V . A direct computation then shows that R y 2 g+ ≡ 0 in V , which contradicts Proposition 6.4.
One can also interpret Corollary 6.6 as stating that there does not exist a Poincaré-Einstein manifold which admits a Ricci flat representative of the conformal boundary with Q 2γ ≡ 0 for some γ ∈ (1, 2); in fact, the proof works for γ ∈ (1, n) \ N. The following example, which is inspired by [2, Example 9.118(d)], shows that the nonlocal assumption Q 2γ ≡ 0 is necessary here; i.e. there do exist Poincaré-Einstein manifolds with Ricci flat representatives of the conformal boundary.
Proposition 6.7. Let (F n−1 , g F ) be a compact Ricci flat manifold. Define the metric g + on R 2 × F n−1 by
where (t, θ) are polar coordinates on
is a Ricci flat metric with fractional Q-curvature
. for any γ > 0.
Proof. It is straightforward to compute that Ric(g + ) = −ng + . Setting r = 2 2/n e −t , we see that
from which it immediately follows that (
Poincaré-Einstein and that h as in (6.12) is a representative of the conformal boundary. Clearly h is Ricci flat.
To compute the fractional Q-curvature of h, note that for m 0 = 1 − 2γ, the weighted conformal Laplacian L m0 2,φ0 of (
By making the change of variables 16x = r 2n , we see that L m0 2,φ0 U = 0 if and only if
This is a standard hypergeometric ODE, and it is readily computed (cf. [1, Chapter 15] ) that the unique solution which is regular at x = 1 and satisfies U (0) = 1 is
16 .
(6.14)
As observed in the proof of Theorem 4.1, the function v(r) = r n−s U (r) satisfies (2.1) with s = n 2 + γ and F | r=0 = 1. The formula (6.13) then follows immediately from (6.14) and the definition of Q 2γ .
Positivity results for the fractional GJMS operators
In this section we consider two types of positivity results for the fractional GJMS operators P 2γ with γ ∈ (0, 2) under assumptions on their zeroth order terms Q 2γ and, in the case γ ∈ (1, 2), the scalar curvature. While the conclusion are conformally invariant, our assumptions on Q 2γ and R depend on the choice of representative of the conformal boundary.
One type of result we shall prove is the positivity of the first eigenvalue of P 2γ . When γ ∈ (0, 1), this result is due to González and Qing [12] . When γ ∈ (1, 2) this result is Theorem 1.2. In this case, our result is similar in spirit to the corresponding result of Theorem 1.2 for the Paneitz operator proven by Gursky [22] (when n = 4), by Xu and P. Yang [28] (when n ≥ 6) and by Gursky and Malchiodi [23] (when n = 5). The basic idea underlying our proofs is to exhibit the energy (P 2γ f, f ) as the sum of´Q 2γ f 2 and the energy of the corresponding weighted GJMS operator in the interior from Theorem 4.1 or Theorem 4.4. When γ > 1, this involves studying the energy of the weighted Paneitz operator, and our method for proving its nonnegativity is analogous to the method used in [23, 28] .
The other type of result we shall prove is a strong maximum principle for P 2γ . Upon combining our results below with a trivial observation for the conformal Laplacian and a recent result of Gursky and Malchiodi [23, Theorem A], we will show that for any γ ∈ (0, 2], if P 2γ (1) is semi-positive -i.e. if P 2γ (1) ≥ 0 and is not identically zero -then for any f ∈ C ∞ (M ) such that P 2γ f ≥ 0, either f > 0 or f ≡ 0.
In the case of the conformal Laplacian P 2 = −∆ + n−2 4(n−1) R h on (M n , h) this is a simple consequence of the strong maximum principle. For all other values γ ∈ (0, 2] \ {1}, this result requires more work. When γ ∈ (0, 1), one must combine the strong maximum principle in the interior with a Hopf Lemma on the boundary for the degenerate elliptic operator L m0 2,φ0 to derive the conclusion. When γ ∈ (1, 2), the interior operator is fourth order (cf. Theorem 4.4), and so we lack even a maximum principle on the interior. Here we overcome the difficulty using the idea of Gursky and Malchiodi [23] : roughly speaking, they use conformal covariance and relations between the scalar curvature and the (fourth-order) Q-curvature to reduce the condition P 4 u ≥ 0 to a nonnegativity condition involving a strongly elliptic second order operator. The same idea will work to handle the cases γ ∈ (1, 2), though again we will also need to appeal to a Hopf Lemma on the boundary.
The Hopf Lemma we need does not seem to appear in the literature, though the following mild generalization of the Hopf Lemma proven by González and Qing [12, Theorem 3 .5] will suffice for our needs. Our result is only more general in that it allows for degenerate elliptic operators with nonvanishing constant terms and it does not require one to consider the adapted metric. We have opted to state our result for a large class of asymptotically hyperbolic metrics, but have made no attempt to find the most general statement.
be a compact smooth metric measure space with m ∈ (−1, 1) and M := ∂X = ∅ such that, in a collar neighborhood
for r = d(·, M ) the distance in X to the boundary M and ρ (1) , Φ ∈ C ∞ (M ) and both h (1) and the terms of order o(r) symmetric (0, 2)-tensors on M . Suppose that U ∈ C ∞ (X) ∩ C 0 (X) is a nonnegative function such that
If there is a point q 0 ∈ M and a constant s 0 > 0 sufficiently small such that
Proof. The proof by González and Qing [12] of their version of the Hopf Lemma establishes the result with only minor modifications. We include a sketch of the proof for the convenience of the reader, and refer to [12, p. 1550] for further details of the computations. Denote by L the operator L = −∆ φ U + ψ. It is clear that the strong maximum principle applies in the interior, and hence U > 0 in X. It is convenient to separate the rest of the proof into two cases.
Case 1: m < 0 or Φ = 0. Consider the test function
for A, B large constants to be chosen later and s = d M (·, p) the distance in M to the point p. A straightforward computation (cf. [12] ) shows that
where c is a constant depending only on n and the final o(1) denotes terms which are small in ρ and s. It follows that, for A, B sufficiently large, L(W ) ≤ 0. It follows from this, the definition of W , and the assumptions on U that there is a constant
A simple computation shows that
from which the conclusion (7.2) immediately follows. Case 2: m ≥ 0. Consider instead the test function
Computing again as in [12] shows that
As in the previous case, we may choose constants A and B sufficiently large and constants s 0 , ε > 0 sufficiently small so that L(U − εW ) ≥ 0 and U − εW ≥ 0 on
From this point the conclusion follows exactly as in the previous paragraph.
7.1. The simple case γ ∈ (0, 1). In order to motivate our approach, let us first rederive using our language of smooth metric measure spaces a result of González and Qing [12] on sufficient conditions for the positivity of the first eigenvalue of P 2γ . To that end, note that an immediate corollary of Theorem 4.1 and Lemma 6.1 is the following extension formula for P 2γ . Lemma 7.2. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold and fix a representative h of the conformal boundary. Let γ ∈ (0, 1) be such that
. Set m 0 = 1 − 2γ and let (X n+1 , g, y m0 dvol, m 0 − 1) be the adapted smooth metric measure space (6.2). Then for each f ∈ C ∞ (M ), the solution U to the boundary value problem
is such that
Proof. Let (X n+1 , g, y m0 dvol, m 0 −1) be the adapted smooth metric measure space. Given f ∈ C ∞ (M ) not identically zero, let U be the solution to (7.3). It follows from (7.4) and integration by parts that
Since γ ∈ (0, 1), we see from (2.4) that d γ < 0. Hence´P 2γ f f ≥ 0, and moreover equality holds if and only if U (and hence f ) is constant and Q 2γ ≡ 0, as desired.
Using Proposition 7.1 (the Hopf Lemma in [12] would also suffice), we can also prove the following strong maximum principle for the fractional GJMS operators P 2γ with γ ∈ (0, 1) and Q 2γ semi-positive. Note that, since we use the adapted smooth metric measure space, we again need to make a spectral assumption on −∆ g+ . 
Proof. Suppose f ≡ 0 and consider the adapted smooth metric measure space (X n+1 , g, y m0 dvol, m 0 − 1). Let U ∈ C ∞ (X) be the solution to the boundary value problem (7.3) . By the strong maximum principle, either U is constant or the minimum of U occurs on M . If U is constant, then U ≡ f , and hence (7.4) implies that f > 0. On the other hand, if U is not constant, it follows from (7.4) that at a point p ∈ M which minimizes U ,
(recall from (2.4) that d γ < 0 for γ ∈ (0, 1)). Thus min U ≥ 0. Moreover, if min U = 0, then Proposition 7.1 implies that the second inequality in (7.5) is strict, a contradiction. Hence min f = min U > 0, as desired.
7.2. The case γ ∈ (1, 2). Let us now turn to the proofs of Theorem 1.2 and Theorem 1.3, which are the analogues for γ ∈ (1, 2) of Theorem 7.3 and Theorem 7.4, respectively. In both cases, the ideas of the proof are similar in spirit to their counterparts from Subsection 7.1, though they are technically more difficult due to the fact that when γ ∈ (1, 2), the fractional GJMS operator P 2γ is the boundary operator of a fourth order operator, the weighted Paneitz operator. A key fact used in overcoming these difficulties is the following result establishing a relationship between the scalar curvature and the fractional Q-curvature Q 2γ with γ ∈ (1, 2) of a representative for the conformal boundary (cf. [23, Lemma 2.1]). It is here that we require our Hopf Lemma.
Lemma 7.5. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold. Let γ ∈ (1, 2) and suppose that there is a representative h for the conformal boundary with R h and Q 2γ nonnegative, at least one of which is semi-positive. Then R h > 0.
Proof. Let y be the adapted defining function. In particular, the vanishing of the weighted Q-curvature of (X n+1 , y 2 g + , y m1 dvol, m 1 − 1) for m 1 = 3 − 2γ and the asymptotics (6.7) of J = (1, 2) . If R h ≡ 0, combining (7.8) and the assumption that Q 2γ is semi-positive shows that there are points p ∈ X such that J(p) < 0, a contraction. It follows that if there is a point q ∈ M such that R h (q) = 0, then we can apply Proposition 7.1 to J and conclude that lim y→0 y m1 ∂J ∂y (q, y) > 0, which again contradicts (7.8) . Hence R h > 0 on M , as desired.
Let us first move towards the proof of Theorem 1.2, which establishes a necessary condition for the first eigenvalue of P 2γ to be positive. One key ingredient in this regard is the following lemma, which is an immediate consequence of Theorem 4.4 and Lemma 6.2. Lemma 7.6. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold and fix a representative h of the conformal boundary. Let γ ∈ (1, 2) be such that λ 1 (−∆ g+ ) > n 2 4 − γ 2 . Set m 1 = 3 − 2γ and let (X n+1 , g, y m1 dvol, m 1 − 1) be the adapted smooth metric measure space (6.5). Then for each f ∈ C ∞ (M ), the solution U to the boundary value problem As suggested by the proof of Theorem 7.3, the remaining ingredient in the proof of Theorem 1.2 is the positivity of the weighted Paneitz operator of the adapted smooth metric measure space. This is guaranteed by the following result, which should be regarded as the weighted analogue of the positivity results for the Paneitz operator established in [23, 28] .
Proof. Let y be the adapted defining function. Given f ∈ C ∞ (M ), it follows from Lemma 7.2 that for U the solution to (7.9). From Corollary 6.6, we know that at least one of R or Q 2γ is semi-positive, and hence, by Lemma 7.5, in fact R > 0. We may then apply Proposition 7.7 to conclude that P 2γ ≥ 0. Moreover, for f ≡ 0, Proposition 7.7 implies´M f P 2γ f = 0 if and only if f is constant and either Q 2γ = 0 or n = 2γ = 3, as desired.
Let us now turn to the proof of Theorem 1.3, which gives necessary conditions for the fractional GJMS operators to satisfy a strong maximum principle. The main technical ingredient in the proof is Lemma 7.5, after which point one can argue as in [23, Theorem A] . For the convenience of the reader, we restate Theorem 1.3 here and provide a sketch of the proof.
Theorem 7.9. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold. Let γ ∈ (1, 2) and suppose that there is a representative h for the conformal boundary with scalar curvature R h ≥ 0 and semi-positive fractional Q-curvature Q 2γ,h . Then for any f ∈ C ∞ (M ) such that P 2γ f ≥ 0, either f > 0 or f ≡ 0. Moreover, if f > 0, then the representative h f := f Finally, the above argument showing that R h λ > 0 for λ ∈ (0, λ 0 ) implies that the scalar curvature of h f is nonnegative, while the assumption P 2γ f ≥ 0 implies that Q 2γ,h f is nonnegative. From the argument of Lemma 7.5 we see that either R h f > 0 or R h f ≡ 0. The latter case contradicts that R h > 0, as R h f ≡ 0 implies that the Yamabe constant of the conformal boundary is equal to zero, while R h > 0 implies that it is positive. Corollary 7.10. Let (X n+1 , M n , g + ) be a Poincaré-Einstein manifold. Let γ ∈ (1, 2) and suppose that there is a representative h for the conformal boundary with R ≥ 0 and semi-positive Q 2γ . Given p ∈ M , let G p denote the Green's function for P 2γ with pole at p. Then G p > 0 on M \ {p}.
We expect that, through a synthesis of the ideas in [12, 23] together with our approach to studying the fractional GJMS operators P 2γ with γ ∈ (1, 2) as boundary operators associated to weighted Paneitz operators, one can use these results to construct representatives of the conformal boundary with constant positive Q 2γ under the assumptions of Theorem 7.9. On the other hand, (A.3) implies that the obstruction to finding the harmonic extension U of u is
Since 2 k q k has leading order term (−∆) k , this finishes the proof.
